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Abstract 

The BPS bound is formulated in light-cone superspace for the M = 4 super Yang-Mills 
theory. As a consequence of the superalgebra all momenta are shown to be expressed as a 
quadratic form in the relevant supertransformations, and these forms are used to derive the 
light-cone superspace BPS equations. Finally, the superfield expressions are expanded out 
to component form, and the Wu-Yang Monopole boosted to the infinite momentum frame 
is shown to be a solution. 



Keywords: BPS; Light-Cone; Light-Front; Superspace; Superconformal Theories. 



1 



1 Introduction 



The Af = 4 Yang-Mills theory has become one of the most interesting field theories, because 
it's perturbation theory is finite [I], [2]. The massless Af = 4 theory is composed of a vector, four 
Weyl fermions, and six real scalars. All fields have global transformations under the conformal 
superalgebra PSU(2, 2|4), and local gauge transformations in the adjoint representation of the 
gauge group G. 

The method used in this article to obtain the massless Af = 4 theory in four dimensions is 
dimensional reduction of a massless Af = 1 vector multiplet in ten dimensions j3], [4], [5], [6]. 
The massless Af — 4 multiplet's ten dimensional origin leaves a residue R-symmetry from the 
six reduced dimensions, and is the SU(4) in PSU(2, 2|4). 

These reduced dimensions also have momentum in four dimensions, known as the central 
charges: they commute with the four dimensional superPoincare generators, and can be block 
diagonalized using Schur's lemma. The diagonalized central charges can be used in massive 
theories to derive a lower bound on the mass. This phenomenon is known as the Bogomol'nyi, 
Prasad, Sommerfield bound, or BPS bound [7], [8], [9], [10], [11]. This bound can be derived 
algebraically by choosing the fields to be in their rest frame in the supersymmetric algebra. When 
some amount of the block diagonalized central charge's two eigenvalues are equal to the mass 
the bound is saturated; accordingly, when saturation occurs some of the conjugate supercharge 
operators annihilate the Clifford vacuum. When all of the charges are equal to the mass this is the 
half multiplet, because it has the same number of states as the massless theory; consequently, 
the field theory formulation of the half multiplet can be derived using the Higgs Mechanism, 
because the total number of states does not change when the Higgs Mechanism is applied. 

To derive the BPS bound in the field theory the Higgs Mechanism breaks the massless sym- 
metries, the fermions are set to zero, and the potential is minimized. The assumptions made 
pertaining to fermions and potential are obviously not required to derive the bound since the 
algebra holds non-perturbetivly for all fields and potentials, but they make the factorization of 
the Hamiltonian easier. Using this simplified theory the algebraic logic for the mass bound is 
reproduced using the bosonic Hamiltonian. Saturation of the bound is given by the field con- 
figurations satisfying the first order Bogomol'nyi differential equations [7], [8]. When saturation 
occurs the field configurations describe the half multiplet by preserving half of the supersym- 
metry. In this article, the light-cone equivalent of these bosonic Bogomol'nyi equations will be 
generalized to superspace; furthermore, this field theory derivation is analogous to the algebra 
since it makes no superfluous assumptions. To derive these supersymmetric BPS equations the 
light-cone superfield formalism is used as the main tool. 

The light-cone formalism is an extremely powerful method for understanding on-shell super- 
symmetric field theories, and was originally proposed by Dirac [12) . A concise review of the 
conventions can be found in appendix [X] The light-cone technique exploits the equations of 
motion to eliminate the non-physical fields from the theory; thus, for a gauge theory in four 
dimensions the vector particle is reduced by two fields. The non-physical fermionic degrees of 
freedom are eliminated by projecting the equations of motion. This light-cone projection yields a 
unique anti-symmetry in the supersymmetric algebra when gauge interactions are included. Half 
of the transformations, known as the kinematical transformations, remain linear in the interact- 
ing theory, and the other projection, known as the dynamical transformations, has non-linear 
interactions. In superspace this anti-symmetry of the algebra makes the light-cone field theory 
an optimal place to derive new theories from algebraic first principles, because a theory is totally 
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determined by the dynamical transformations: [T3], P3], [15] . 

The light-cone superalgebra leads to an algebraic formulation of the light-cone Hamiltonian 
for maximally supersymmetric theories as a product of conjugate dynamical transformations 
in superspace. This quadratic form was first discovered in |13j for the N = 4 theory. Now 
the quadratic form has been formulated for the three dimensional BLG theory [13], [TS], [IB] 
and AT = 8 supergravity theory to order n 2 in gravitational coupling [T7]. In this article, the 
superalgebra is used to show that all momenta and central charges can be expressed as quadratic 
forms for the Af = 4 super Yang-Mills theory. 

These quadratic forms are useful to formulate the BPS theory in light-cone superspace, since 
they are related to anti-commutators that are positive definite. After the massless symmetries 
are broken by a boundary condition in terms of the light-cone spatial variables the same ex- 
pression used to derive the algebraic saturation is used to formulate the BPS bound in the field 
theory by replacing the operators with infinitesimal transformations. This is the first superfield 
generalization of the Bogomol'nyi equations and these equations describe a superfield moduli 
space that is the supermanifold generalization of Atiyah and Hitchin Manifold [T8]. Finally, 
the superfield expressions are expanded to component form, and the bosonic solutions of these 
equations are shown to be the infinite momentum frame boost of the Wu-Yang monopole. These 
solutions imply that light-cone solitons are the infinite momentum frame boost of the equal-time 
solutions. 

2 Dimensional Reduction 

In this section the dimensional reduction techniques will be briefly reviewed, and the four 
dimensional conserved supercharges will be derived. The ten dimensional Af = 1 theory is 
composed of a massless vector particle A a M and a thirty-two component spinor A a . These fields 
transform under supersymmetry, the Poincare group R 9 ' 1 k SO(9, 1), and the adjoint representa- 
tion of the gauge group G, with structure constant f abc . The lower case letters a,b,c,d,e denote 
the adjoint representation's indices, and M, N are the ten dimensional space-time indices. 

In ten dimensions the vector particle has eight degrees of freedom; consequently, twenty- 
four fermionic degrees of freedom must be eliminated out of the original thirty-two components 
to achieve supersymmetry. The method used to achieve statistical equality is imposing the 
Major ana and Weyl constraints on the spinor 



where A a = A a ^T°. These constraints eliminate sixteen fermionic degrees of freedom, and with 
the equations of motion they make the number of fermions equal to the number of bosons Q 
Furthermore, the Poincare, gauge invariant Lagrangian 



(2.1) 



r n A a = A a , 



(2.2) 



= —J- t MN- t 2 M ' 



(2.3) 



The representation used to define the constraints l |2.1jl , 112.211 is reviewed in appendix lAl 
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where 

Dt = d M 5 ab - gf abc A c M , (2.4) 

F a MN = d M A% - d N A a M + gf abc A b M A% , (2.5) 

was shown in [3] to be supersymmetric when the Majorana and Weyl constraints are imposed 
under the transformations 

6A%=iaT M \ a + D$u; b , (2.6) 

SX a = ^T MN Fl 1N a + f abc \ b uj c , (2.7) 

where a is a 32 component constant spinor that parameterizes the global supersymmetric trans- 
formations, u> a is the local gauge parameter, and r MN — [T M , T ]. The previous supersymmetric 
transformations (|2.6p , (|2.7|l have the gauge symmetry added to them to make the gauge and su- 
persymmetry compatible, and is discussed in 6.. The conserved current for the supersymmetric 
transformations is the sum of the original supersymmetric current plus the gauge current. Both 
currents are conserved when the equations of motion 

D ab F bMN = _yabcJb T N x c^ ( 28 ) 

Y M D abM \ b = 0, (2.20b) 
are used, so the constants in front of the currents are arbitrary; therefore, the current 



aJ M = -\F£ Q aT p QT M \ a - iFZ [N D abN u b + i^gf abc \ a T M \ h u c , (2.9) 



is conserved when the equations of motion are used. 

Now the TV" = 4 theory's algebra in four dimensions will be reduced from its TV" = 1 ten 
dimensional origin. The ten dimensional Poincare algebra dimensionally reduces to SO(9, 1) D 
50(3, 1) 50(6), where the four-dimensional space-time group 50(3, 1) is accompanied by 
a 50(6) <~ SU(4) R-symmetry, and four-dimensional translations. Before reducing the ten 
dimensional M = 1 superalgebra 

{Q a ,Qp} = (T M ) aP P M , (2.10) 

it is projected with the matrices 

= --r^r*, (2.11) 
11*00 = Q a ±, QoJ^ = Q aT - (2.12) 
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Thus, applying the Majorana, Weyl constraints, and projecting the spinors yields 

Q+ = -i(0, 0,0, 0,0,0, ft,? 1 , 0,0,0,..., g 4 ,0,0,0), (2.13) 

Q_ = i(0, 0, Qi, 0, 0, Q 4 , 0, 0, Q 1 , 0, 0, 0, Q 4 , 0, 0), (2.14) 

and leaves four Grassmann variables for each projection that transform globally under the funda- 
mental representation of SU(4) (4,4), with spinor indices m,n = 1,2,3,4. The plus projection 
(|2.13|) contains the kinematical charges q m and it's complex conjugate. While, the minus pro- 
jection (|2.14[) contains the dynamical charges Q m and it's conjugate, where in four dimensions 
operators that are dynamical are denoted by capital calligraphic letters. When these super- 
charges are substituted into (|2.10|) this yields the algebra 

{q m ,q n } = V26™P+, (2.15) 



{Qm, Q n } = V28™V~, (2.16) 
{q m , Qn} = V26™P, (2.17) 

{q"\ Q"} = y/2Z mn , (2.18) 

where P+ = ^= (P° + P 3 ), V~ = -^(P° - P 3 ), P = (P 1 + zP 2 ). 

Dimensional reduction makes the six extra dimensional momentum constant real numbers, 
or the central charge. The central charges (|2.18[) commute with the superPoincare algebra after 
reduction to four dimensions. These charges transform under the anti-symmetric representation 
of SU(4), 6, and are defined by the matrix Z mn = -l=£ mn/ P 7 , where 1 = 4,5, 6, 7, 8, 9 and the 

matrix Y7 nnI is defined in appendix lAl this operator has six real components, since it obeys the 
duality condition 

Z mn = ^e mnpq Z pq . (2.19) 

Now the field theory is reduced to four dimensions. First, the unphysical degrees of freedom: 
A a+ , A a ~ , Xt are eliminated; thus, the temporal light-cone coordinate field A a+ is chosen to 
be equal to zero, or the light-cone gauge condition, and the equations of motion are used to 
solve for A a ~ , A" H When the light-cone gauge condition is chosen A a+ = this constrains the 
gauge parameter to be independent of the x~ coordinate SA a+ = d + ui a = 0, and due to the 
supersymmetric variation (|2.6[) the gauge parameter can be solved for |f| 

u a = -ia+r+^ T \ a + . (2.20) 

Now all of the unphysical degrees of freedom have been eliminated leaving the massless little 
group in ten dimensions symmetry 5*0(8) C 50(9,1); consequently, the dimensional reduction 

2 The light-cone method for eliminating the unphysical degrees of freedom can be reviewed in [Bj. 
3 The gauge parameter 1 12. 201 1 was originally derived in [6], 
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50(8) D SO(2)®SO(6) reduces the bosonic field A%, where K = 1, 2, 4, 5, 6, 7, 8, 9, transforming 
under SO (8) into: a four-dimensional vector field transforming under U(l) helicity, A a = A\ + 
iA^, and scalars defined by the matrix C amn — -j=Y, mnI A aI . The scalars transform under the 

6 of SU(4), and have the duality C amn = \t mnpq C^ q that leaves six real components. The left 
over spinor 

A+ = -i(x?,0,0,0,...,^,0,0,0,0,0,0, X al ,...,0,0,0,x a4 ), (2.21) 

is Majorana, Weyl and the x am transform under: U(l) helicity, the fundamental representa- 
tion of 5/7(4), 4, and the Xm transform under 4. The results for the Lagrangian, and the 
supertransformation reduction can be found in: [5] , [6] respectively. 

The only quantity needed for this article is the four dimensional light-cone supercharges, and 
they are not found in the previous literature. To reduce the supercharge the supersymmetry 
parameter's projections a = a + + a_ divide the plus component of the current (|2.9[) into a_ 
multiplying the kinematical charge, and a+ multiplying the dynamical^ Thus, the kinematical 
charges are[f| 

q m = 2i J d 3 x{d + C amn Xn ~ d + A a x arn }- (2.22) 

Using the matrix identities 

IT r+ - -i 777 + <g> Is = 2i( I CT + )®l8, (2.23) 



f rr+ = -Z777+ ® 1 8 = 2i ( ° Q ) <8 1 8 , (2.24) 



rr'r+ = -V2i( ° M 9 f» E '™" ). C-as) 



Off/ \ S/ m „ 

rW * - - ( „° V M s 'T m s4>- ) ■ <" 7 » 

where a± = -I.(l 2 ±a 3 ), a = and the identity C^S+C 1 "' = -5<< ? ™ C '™ , Xj+ 



4 The supersymmetric parameters projections a_ yield two different parameters upon reduction, called 
a m , /3 m in [6]. For the purposes of this article, these parameters are set equal to each other a m = f} m , without 
loss of generality; furthermore, the supersymmetric parameter a is rescaled by a factor of —\J 7 l when reduced, 
or the four four dimensional parameters inside of a are — ^75 a ™ an d — "^7f^ m - This is the same rescaling that is 
used in [6] to match supcrspace expressions. 

5 The technique that divides the kinematical from the dynamical symmetries was originally used in [6]. 

B Field theory expressions are denoted by q, (Q, P. 
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\C^ p d + C hnp -^Xm) the dynamical charges reduce to 

qm =2i J d 3 x{dC amn Xn-9A a x am -gf abc (d + A a A b -^ : x cm - 

- A a C bmn x c n + C amn d+C b np ^x cp + i^X a m X b ^X cs )}- (2-28) 

The supercharge reduction to four dimensions is the only new result in this section. Now that 
all four-dimensional quantities have been derived the superspace expressions can be formulated. 



3 SuperSpace 

To formulate the superspace theory the Grassmann variables 9 m are defined to transform 
under the fundamental representation of SU{A), 4, and the complex conjugate 9 m transforms 
under 4. These coordinates have an anti-commuting derivative d m — jjg— that has the complex 

conjugation (d m )* = —d m , and satisfies 

{d m ,en} = 6™; (3.1) 

accordingly, the usual space-time can be redefined such that the whole theory can be placed in 
superspace. The new coordinate is defined by 

y=(x,x,x+,y- =x~ - ^=9 m m ), (3.2) 

and all fields are placed inside a chiral superficld 



+ ^e mnpq 9 m 9 n 6P x q (y) + ^mn Pq O m 9 n 0P9W + A a (y). (3.3) 



The transformations on the superfield can be expressed in terms of the charge operators in 
superspace for the free theory 

q m = _gm + i 1 em g+^ ^ 
v2 

Qm = 9 

Taking a different linear combination of the anti-commuting derivative and Grassmann variable 
yields the chiral derivative 

v2 
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For a massless free theory the supercharge and chiral derivative satisfy 
{q m ,q n } = V2i5™d+, {Q m , Q n } = V2iS^, {d m , d n } = -V2i6™d + , {d m , g n } = 0, 

(3.7) 

and the chiral derivative annihilates the chiral superfield 

d m 4> a = 0; (3.8) 

thus, a supersymmetric transformation preserves chirality for the light-cone formalism. Finally, 
there is the inside-out constraint which follows from the duality of the scalars 



d m d n 4> a = ~e mnpq d p d q <l> a , (3.9) 



1 

2 

and it allows the superfield to be conjugated with covariant derivatives 



r = ^~ 4 ^ (3.io) 

where d 4 = e mnpq d m d n d p d q and d 4 = e mnpq d m d n d p d q . The technique for reducing to the com- 
ponent theory can be reviewed in 

Originally, in [13) the light-cone Hamiltonian was shown to be a quadratic form 

P- =i-j=J d 3 i(i 4 M 4 e{A m f^A m f}, (3.11) 

and the non-linear infinitesimal dynamical transformation 

A m r = ^(dS ab - f abc d+^)q m ^, (3.12) 

was derived using algebraic first principles H Using the equations (|2.22p . (|2.28p superspace ex- 
pressions 

q m = 2 / d 4 xd 4 ed 4 e{4> a j T q m( f ) a }, (3.13) 

Qm = 2 J d 4 xd 4 9d 4 0{r^Lq m r - ^/°^^L(g m ^9+^)}, (3.14) 

and the superalgebra it can be shown that all momenta are quadratic forms, because in Hilbert 
spaces the infinitesimal change of the conserved charge F due to another transformation G is 
their algebraic commutator [J 7 , Q] 

i5&F = [Q,J-]. (3.15) 



7 For a complete review of light-cone superspace the reader is also referred to [5], [13) . 

8 The dynamical transformation I I3.12H is a covariant derivative for the residual gauge symmetry transformation, 
this phenomenon is discussed in [§]. 

9 The equations 113.131 1. 113.141 1 superspace forms where derived for the Af = 2 theory coupled to a Wess-Zumino 
multiplet [19]. 
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Using the previous equation all momenta come from the infinitesimal variation of the associated 
charges due to the supersymmetric algebra (|2.15[) . (I2.16[) . (|2.17l) . (|2.18p respectively: 

P+a m a m = ^=a m a n {q m ,q n } = ±=a m [a n q n ,q m ] = ±=i a m 8 &nq ^ mi (3.16) 

P~a m a m = -^=a m a n {Q m , Q n } = ^=a m [a n Q n , Q m ] = -^=ia m 6 &riA „Q m , (3.17) 

Fa m a m = -±=a m a n {q m ~ Q n , } = -±=a m [a n Q n , q m ] = -^ia m <$ Q „ A „q m , (3.18) 

Z mn a m a n = -La m a n {q m , Q n } = ^=a m [a n Q n , q m ] = -^=ia m <5 a „A»q m , (3.19) 

where the notation Sa^A^, ^a„g™ denotes the infinitesimal variation with respect to the operator 
in the subscript. For example, the central charge quadratic form can be derived from the algebra 
by varying the kinematical charge (13. 13)) with the dynamical transformation f|3 . 1 2[) 

Z mn a m a n = -^=ia m 5 &n ^n m = 

= V2ia m a n J d 4 xd 4 9d 4 9{A n 4> a -^q m <j) a - 4> a ^_ A" q m </> a } . (3.20) 

Integrating by parts and using the inside-out constraint yields the quadratic form 

Z m "=2V2i J d 3 xd 4 9d 4 9{q m 4> a A n <f> a } . (3.21) 

Varying the dynamical charge (|3 . 14[) with the kinematical transformation (|3.4p also yields the 
previous result. The other momenta's quadratic forms also follow from the light-cone supersym- 
metric algebra, and their derivations are similar to the central charge: 

6™P~ = 2V2i J d 3 xd 4 9d 4 9{A m $ a -^-A n 4> a } : (3.22) 

CP + = 2V2i J d 3 xd 4 9d 4 9{6 m a -^6 n (f> a }, (3.23) 

5™P = 2V2i J d 3 xd 4 9d 4 9{S m a -^ T A n <j) a }, (3.24) 

Z mn =2V2i J d 3 xd 4 9d 4 9{5 m 4> a ^A n (t) a }, (3.25) 

where the infinitesimal kinematical transformations (without the supersymmetric parameter) 
are denoted by 5 m (f> a — q m (f> a , 5 m (f> a — q m <j) a - Calculating these quadratic forms by varying the 
conserved charges proves that the longitudinal quadratic forms are positive definite, because they 
are equal to the anti-commutators that are complex conjugates of each other. The off diagonal 
terms in (I3.22p . Q3.23p . Q3.24p are trivially zero in this construction, because the anti-commutators 
(|2.15p . (|2.16p . (|2.17p are zero for off diagonal charges. The central charge quadratic form is also 
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antisymmetric Z m ™ = — Z nrra , because the kinematical charges q m , q n in the quadratic form can 
be integrated by parts to switch the indices m,n. This antisymmetry can also be comprehended 
by observing that the component form of (I3.25[) indices are just the scalar field's indices C amn 
which is discussed in section |4"T3"1 Now that the quadratic forms have been formulated, the BPS 
theory will be derived using them. The method for deriving the equations (|3.22[) . (I3.23|) . (|3.24[) . 
(|3.25l) is new, and much simpler then algebraic first principle techniques. The quadratic form 
expressions for the central charge, plus component, and transverse momenta are also all new 
results. 

4 Light- Cone BPS 

4.1 Representations 

In this section the half-multiplet will be formulated for the light-cone superalgebra. Rep- 
resentations can be found by placing particles in their relevant reference frames, and using the 
superalgebra to infer which supercharges have non-zero anti-commutation relations. These non- 
zero anti-commutations define the different multiplets by acting with conjugated supercharge 
operators on the Clifford vacuum \ fl >. The Clifford vacuum is defined by the fact that non- 
conjugate supercharges annihilate it. Since, the Clifford vacuum is an irreducible representation 
of the superPoncare algebra it has helicity or spin depending on the particles mass. For an 
algebra with Af supersymmetry operators in four dimensions a massless Clifford vacuum has 
helicity U(l), and eigenvalue h. Choosing the massless particles to be in either reference frame 

= (E, 0,0, ±E) forces half the conjugate supercharges to annihilate the Clifford vacuum. 
The remaining conjugate supercharges generate the massless multiplet by acting on the Clifford 
vacuum state with the greatest or least helicity, yielding 2^ states. 

Massive multiplets have more states then the massless, because placing the particles in the 
rest frame does not force any of the conjugate supercharges to annihilate the Clifford vacuum 
that has (2s + 1) states under the SU{2) spin group with third component of spin eigenvalue s; 
furthermore, since none of the conjugate supercharges annihilate the Clifford vacuum the block 
diagonalized central charge eigenvalues do not vanish. Thus, for s = 0, the largest massive 
representation has no central charges creating saturation, and is called the long multiplet, it has 
2 2A/ " states. The smaller multiplets are called short multiplets, and are defined by how many 
of the 4r central charge eigenvalues saturate the BPS bound. When n of the central charge 
eigenvalues saturate the bound, this generates 2 2 ^~ n ' ) states. Thus, for the M = 4 theory the 
number of states for the different multiplets is: massless 16, half multiplet 16, quarter multiplet 
64, and the long multiplet 256. 

For a massless representation in the light-cone formalism, the particle can be chosen to travel 
along the positive or negative z-axis 

(P+ = s/2E,V~ = 0,P = 0,F = 0), (4.1) 

(P+ = 0,V- = V2E,P = 0,P = 0). (4.2) 

Both reference frames take the central charge (|2.18l) to zero, because either the kinematical 
or dynamical conjugated charge operators annihilate the Clifford vacuum. Thus, the massless 
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multiplet is generated by acting on the Clifford vacuum states with greatest or least helicity with 
either the kinematical or dynamical conjugate charges depending on the choice of the frame 

Qm m 

These operators satisfy two different Clifford algebras 

{C ±m , Cf } = C, {C ±m , = {C ±m , C ±n } = {C ±m , C Tn } = o (4.4) 

and the plus or minus denotes raising and lower of the helicity by the transverse rotation operator 

m 

j = xd-xd+\ (9 m d m - 6 m d m ) - [<T , d m ] ± , (4.5) 

\j,<jm] = ~\<im> [j, Qm] = \ 0-rn- (4.6) 

Acting on the states with helicity h = ±1 with the conjugate of (|4.3p generates 16 massless 
states: 

|f2/!=±i > one helicity = ±1, 

C m \tth=±i > four helicity = ±~, 

( m Cn\tth=±i > six helicity = 0, 

( m (n(p\tth=±i > four helicity = T^, 

CfC^C^C? \toh=±l > one helicity = (4.7) 

To define massive theories we must consider the central charge, because the rest frame does 
not force any supercharges to annihilate the Clifford vacuum. After applying Schur's lemma 
the block diagonal central charge is composed of two complex eigenvalues Z n , where: Z\ = Z2, 
Z% = Zi\ thus, the algebra takes the form: 

{q m ,q n } = V26™P + , (4.8) 
{Q m , Qn} = V2S™V~, (4.9) 
{ g » Q n } = V2e mn Z n , (4.10) 
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where the n in (|4.10p is not summed over, and the matrix e mn is a two index anti-symmetric 
matrix 

/ 1 \ 
-10 
1 
\ 0-10/ 

Dividing the identity I4 = 1 + + 1 and the anti-symmetric matrix e = e + + e 



1 = ^ 



1 

1 = -pff (g)l 2 , 



(4.11) 



(4.12) 



Z — =(T (X) cr 
>/2 



• 1 t 2 
i— =cr (8) a , 

V2 



allows the kinematical and dynamical charges to be arranged into two operators 



(4.13) 



(l + )™Q n - (e+) mn q n + (l-)™<f - (e-) mn Q n , 



(4.14) 



b m = (i+)m Qn + ( e +)«»^ n + (l-)™q« + {e-) mn Q Tl 



(4.15) 



In the light-cone coordinate rest-frame 



1 



= —M,P = 0,P = 0), 



these operators satisfy the algebra 



(4.16) 



{a m ,a n } = {6 m ,6 n } = {a m ,~6 n } = 0; 



(4.17) 



{a m , a n } = 26™(M + V2Re(Z n )), 



(4.18) 



{6 m ,6n} = 2^*(M - V2Re(Z n )). 



(4.19) 



The anti-commutations {a m ,a n }, {B m ,B n } are positive definite for m — n; thus, the mass is 
bounded below by the central charge eigenvalues for each m 



M > V2Re(Z m ). 



(4.20) 



The different multiplets are generated when the operators b m annihilate the Clifford vacuum 
with spin s; since, there are only two central charges, annihilation of the vacuum by b\ or bi sets 
the hrst eigenvalue to the mass, and annihilation by £3 or 64 sets the second eigenvalue to the 
mass. The half multiplet is defined by all the B m annihilating the Clifford vacuum state with 
s = 

*m|^ s =o >= 0, (4.21) 



10 The matrices cr^ = -i=(<7o ± (T3) and a = + *°"2) are discussed in section Rl 
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and all the central charges are equal to the mass 

M = V2Re{Z m ). (4.22) 

To generate the half multiplet the operator (I4.14[) is divided into two sets depending on whether 
they raise or lower the third component of spin 

af = a\, a£ — a 2 , (4.23) 



<*3, « 2 — a 4 , 



(4.24) 



where the plus and minus denote this raising and lowering of the third component of spin: 
[j, af\ = \a1[ , and [j, a~] — — ^a 4 r , where i = 1, 2. Thus, the operators 



2\[M 1 



satisfy two Clifford algebras 



{vt^f} = Sij, { V f,fjf} = 0, {r,f,r,f} = 0, {4,vJ} = 0, (4.26) 
and acting on the Clifford vacuum with r\ i yields: 

|f2 s= > one s = 0, 



four s = ±-, 



r\f rff |Q S=0 > 



too s = ±1, 
/our s = 0, 



V^vfVk \ n s=o > four s = ±-, 



77^?7 2 ^7?! |ri s= o > one s = 0. (4.27) 

This multiplet has the same field content as a massless multiplet; thus, in the field theory this 
mutiplet can be obtained by using the Higgs mechanism on the massless N = 4 field theory. The 
algebraic formulation of the half multiplet will be used to derive the BPS bound (|4. 20(1 in the 
field theory based purely on algebraic first principles and no superfluous assumptions, because 
the bound can be derived based on preserving half the supersymmetries using (|4.14p . (|4.15[) . 
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4.2 Mass Factorization 



In this section the BPS bound will be derived for the JV = 4 field theory in superspace. The 
BPS bound found from the algebra (|4.20p holds for all the particles in the theory; consequently, 
the field theory must have a factorization of the mass that holds for all particles. To achieve this 
factorization the massless symmetries are broken by constant scalar vacuum configurations that 
minimize the potential 

ij'^IC^C^^ + i^^^ji^^)]. (4.28) 

This potential has non-local terms that do not change the minimum from zero, because these 
terms are squared. For any constant scalar field these non-local terms vanish; therefore, the 
moduli space for this theory is described by the conditions 

jabc c bmn c cpq = ^ f abc C bmn d + C^ n = 0, (4.29) 

which is the normal Af = 4 orbifold 

K 6r /W, (4.30) 

where r is the rank of the gauge group G and W is its Weyl group [20] . At a non-singular point in 
the previous orbifold the gauge group is broken to the Cartan torus U(l) r and the R-symmetry 
is broken to 50(5) ~ Sp(4) by the constant Higgs field 

C = v-H, (4.31) 

where H is the Cartan sub-algebra, v is a vector of real numbers with length r, and the root 
basis Pi is chosen such that v ■ pi ^ 0. This scheme yields r massless multiplets and as many 
massive multiplets as the number of root generators |21) . 

To calculate the BPS bound the spontaneous symmetry breaking is achieved by a spatial 
boundary condition imposed on the scalar fields. This boundary condition requires the energy 
be finite on the boundary, or the theory must map to the vacuum; accordingly, the field theory 
on the boundary must reduce to the gauge vacuum manifold parameterized by the Higgs field 
(|4.31l) . For an equal-time theory this boundary is S 2 , and the invariant deformations of the 
gauge vacuum manifold to the boundary yield topological conservation laws characterized by 
the second homotopy group of the gauge vacuum manifold 7T2(G/i7(l) r ) = 7Ti(/7(l) r ) = U . 

For our theory these finite energy solutions, and topological conservation laws are in the 
light-cone coordinate system, or on the spatial boundary x + — —x~, which is an equal-time 
foliation of space. Since, the light-cone coordinate system is on the light-front, or constant x + , 
this equal-time foliation needs to be boosted to the infinite momentum frame. To boost to the 
infinite momentum frame the static equal-time boundary is boosted along the third axis, and 
then the rapidity is approximated around f . This process yields a finite boundary in terms 
of x 1 ,x 2 ,x~ that spontaneously breaks light-cone theories in the same manner as equal-time 
theories discussed in the previous paragraph. For a broken light-cone theory the topological 
solitons are the infinite momentum frame boost of the equal-time solutions; thus, when this 
boundary condition is imposed it yields a massive theory that has a BPS bound. 

To derive the BPS bound the block diagonal central charge anti-commutations (|4.10j) are 
used instead of the other basis (|2.18|) to diagonalize the quadratic form 

e mn Z n = 2V2i ( d 4 xd 4 9d 4 e{S m 4> a ^-A n (t, a }. (4.32) 
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Just like the algebra (|4.14[) . (|4. 1 5[) the kinematical and dynamical variations are divided 

m = (1+)™A" - (e + ) mn 5 n + (l-)™5 n - (e-) m "A„, (4.33) 

V m = (1+)™A" + (e+) mn 5 n + (l-)™S n + (O mn A„, (4.34) 

where these are the infinitesimal version of the operators a, b respectively. These infinitesimal 
transformations have an associated conserved charge 

h rn = (l+)-Qr i + + (l")™ q « + (e~) mn Q n . (4.35) 

Varying this conserved charge with (|4.34|) 

a n [a m b m , ~6 n ] = ia n (6 amV ™h n ), (4.36) 

yields the field theory equivalent of the operator expression (|4.19[) . a positive semi-definite quan- 
tity. After integrating by parts and using the inside out constraint the final expression in the 
rest frame is 

{B m , ~B n } = 2V2i J d 4 3d 4 6W 4 (9{V m <T-^V„0 a } = 26™{M - V2Re(Z n )). (4.37) 

The surface terms that come from integration by parts in the previous equation are zero, because 
they depend inversely on the radius. The non-zero terms are charges that only depend on angular 
variables on the boundary, and all these terms are contained in the central charge quadratic form; 
therefore, the superfield equivalent of the Bogomol'nyi technique is 

MS™ = V2 J d 3 £dW£{V"> Q ^V„ ( /> Q } + 5™V2Re(Z n ), (4.38) 

and when m=n the quadratic form is positive semi-definite making the BPS bound 

M > V2Re{Z m ), (4.39) 
valid field theoretically for all fields. Saturation is achieved when the equation 

V m f = 0, (4.40) 
is satisfied. The other infinitesimal transformations yield the mass 



M = V2Re(Z m ) = -j= J d 3 xd 



4 0d 4 #"{O m a ^-O m <n- (4.41) 



These superspace equations have a simple interpretation in terms of the component theory which 
is derived in the next section. 

4.3 Component Equations 

Now the component theory is derived from superspace to compare with conventional calcu- 
lations with the fermions and potential set to zero for a SU(2) gauge theory. This component 
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theory's equations are equivalent to dimensionally reducing the ten dimensional theory with 
the fermions and potential set to zero. The dimensional reduction leaves a four dimensional 
Georgi-Glashow model with globally SU(A) symmetric scalars C amn . 

In the field theory the choice of the minus component of the momentum as the energy forces 
the vacuum to be described by the kinematical charge taking the superfield to zero. This fact 
can be seen through the quadratic forms (I3.22[) . (|3.23[) . (|3.24p . (I3.25|) vanishing when 

S m r = q m <t> a = 0. (4.42) 

Expanding out the previous equation to component form yields 

C a mn = X a = d + A a = 0. (4.43) 

Therefore, states with no momentum are given by vector fields that are independent of x~ , and 
all other fields are zero. Although, the vacuum has to be Lorentz invariant making A a = 0, and 
(|4.42l) describes the trivial vacuum configuration, or all fields are zero. 

For massless particles the only choice for the reference frame is along the positive third 
axis, because the choice along the negative axis yields the vacuum (I4.42[) . Thus, this choice 
forces the dynamical transformations to take the superfield to zero. This makes the longitudinal 
P~ momentum (|3.23[) . and the transverse P, P momentum (|3.24p vanish when the dynamical 
symmetry annihilates the superfield 

A m Q = ^ [(dS ab - / Qbc 3 + c )g m /] = 0, (4.44) 

leaving P + arbitrary. Expanding out the previous equations with the fermions equal to zero 
yields two equations 

V ab C b m = 0, (4.45) 



— (V ab d+A b ) = -gf^ — (d+C b mn C c ™), (4.46) 

where V ab = dS ab — gf abc A c is the transverse covariant derivative left over from the residual 
gauge invariance. The equations (I4.45[) . (14.461) can be derived from dimensionally reducing the 
ten dimensional light-cone Hamiltonian from the stress energy tenser 

T MN = _ F aMPpaN + g MN £ 

The light-cone Hamiltonian is the plus, minus component of the stress energy tenser 

T +- = }_( F a+- F a+- _ papa^ + I pa pa + ^p^pa^ 

and the equations (|4.45l) . (|4.46[) are found by setting a subset of the components of the field 
strength tenser to zero 

pa+~ ± pa = pa = pa^ _ q ^ ^g-j 

Dimensional reduction of the previous equations yields the scalar potential is zero 

E 7mn S p ' Ffj = 2f abc C bmn C c p = 0, (4.50) 
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and the scalar is a covariant constant 

+ 1F21) = V2V ab C b mn = 0, (4.51) 

or equation (|4.45|l . The vector field equation (|4.46p is found by choosing the light-cone gauge 
A a+ = 0, and substituting in the dependent field 

A a - = -l^[D ab d+A b + V ab d+A b - \gf abc {d + C b mn C c mn % (4.52) 

into the equation 

F a+- + F a = 2-L(V ab d+A b ) - l- g f abc -L(d + C b nn C c mn ) = 0, (4.53) 

where F a = -^ T (V ab d+A b - V ab d+A b ). 

The solutions to (14.45[) . (|4.46l) are a transverse pure gauge vector field 

A = U^dU, (4.54) 

and scalars that are covariant constants in the transverse space 

(jamn j^ran dx{U^ dU} r^r^ 

where U is an unitary 3x3 matrix that is an arbitrary function of space-time, and K mn is a 
3x3 matrix that is an arbitrary function of the longitudinal coordinate. 

Massive theories have field configurations satisfying the superfield equation (|4.40[) . Using the 
inside-out constraint (|4.40[) becomes 

(8 m + e mn A n )cf> a = 

= q m <f) a + e mn -^(dS ab - f abc d+cj) c )q m (j) b = 0. (4.56) 
The solutions to these equations have mass equal to the central charge eigenvalues 

M = —=Re(Zi + Z 3 ). (4.57) 
V 2 

The eigenvalues can be derived from the component form of (|4.32|) with the identity C amp d + C bnq Cp q 
±C amn d + C bpq Cc q , and the fcrmions equal to zero 

+ ^gf abc d + C amn -^{d + C b pq C cpq ))]. (4.58) 
Contracting the SU(4) indices with e mn yields the central charge eigenvalues 
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M = ^=^e(Z! + Z 3 ) = ^=e mn Re(Z mn ) 



' r a + A a 2? ab $ b + 9+A Q I? Qb $ b -9 + $ Q a + A Q -], (4.59) 



2V2 

where $ a = e mn C^ ln . Integrating by parts yields the U(l) light-cone electric charge plus the 
equation of motion (I4.52j) with the potential minimized by the conditions (|4.29l) 

M = -^j=v J d 3 x{(B(d + A 3 ) + d(d + A 3 ) - d+{d+A 3 -)} = 

= -j="J d 3 x{d u F 3 ^} = ^Q L e°, (4.60) 

where on the boundary $ a = 2v5 a3 as discussed in 14.21 

Expanding out the equation (|4.56p with the fermions equal to zero yields 

d+A a = ^e mn V ab C h mn , (4.61) 

- \e mn 8 + C amn = ^(V ab d + A b ) + i 5 /^i_(Ci„a+C cmn ). (4.62) 

These equations have the same interpretation as (|4.45|) . (|4.46|) from the stress energy tenser. The 
mass in the rest frame and fermions/potential set to zero can be factorized with an arbitrary 
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four by four anti-symmetric complex matrix X mn 

M = -=(T + ~ +T++) = 
v2 

_ r ^ (p a ^ — p a ^ — p a p a \ -(- pa+i p a +i _i_ }_JJ a bi(jb jjaci^jcrnn , jj_ jjab+ ^jb jjac-\- ^jcmn 



^ ^ | ^rran ^p a ~\ — _j_ ^T" 1 ^ _|_ ^)+ a ^ £jbmn^ 1 2 _|_ | ^j^-rnn pa-\-i }_p)^ a ^ (jbmn^ 1 2 j _|_ 

\/2 2 2 

| _ ^2 jabc jade £jbm,n £jcpq £jd ^je p a ^ — j^+ab^jbmn _j_ -^ran j^a-\ — jj+ab^jb ^ j 

16 ™ m 2 

+ ^(X^F^D" 6 ^" 1 " + X" m F a+,; L> la6 Ct„)], (4.63) 

where the matrix _X" m ™ satisfies X m „X" 1 " = 1, and X mn Cf nn has to be real. These conditions 
do not specify the anti-symmetric matrix e mn for X mn , but X mn = ^e mn satisfies the required 
identities. Thus, setting X mn = ^e mn the last terms in (|4.63[) become the electric charge by 
using the equation of motion (|4.52[) . and the bound 

M > -^fQ L E C , (4-64) 
agrees with (|4.60[) . and is saturated by the equations: 

F a+i = ^D tab <P b , (4.65) 

F a+- + F a = _}_ D +abQb^ ^ gg) 

jabc c b m n c cpq = Q ^ ^ 
jabcQbmnQ+Q^ = q (4 gg) 

The equations (|4.65[) . (I4.66P agree with (|4.61l) . (|4.62[) after choosing the light-cone gauge and 
substituting the dependent vector field; furthermore, the equations (|4.67|) . (|4.68[) are the potential 
minimization conditions (|4.29j) . 
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The equations (|4.65p . (I4.66[) , (|4.67p have the same solutions in terms of the 't Hooft Polyakov 
monopole |22) . |23) . because they are just linear combinations of the equal time BPS equations. 
To comprehend how these equations have 't Hooft Polyakov monopole solution the ten dimen- 
sional mass in the rest frame with fermions/potential equal to zero is reduced, and factorized in 
the equal-time coordinate system yielding 

M = J d s x{^{B ax B ax + E ax E ax ) + ^{D abx C b mn D acx C cmn + D aba C^ n D ac0 C cmn ) + 

j jj_ ^2 jabc jade ^jbrciri ^jcpq ^jd ^je y 

= \ d 3 x{\X rnn B ax - ^L ae MD abx C amn \ 2 + \X mn E ax - -Liae lK D abx C arnn \ 2 } + 
J \/2 V2 

+ asm(n)Q E + bcos(6)Q B , (4.69) 

where k, are phases, and a, b are arbitrary real numbers such that a 2 + b 2 = 1. Thus, saturation 
of the bound 

M > asm(n)Q E + &cos(6>)Q B , (4.70) 

occurs when 

B ax = _}_ ae iB D abx^a^ 

2v 2 

E ax = _}_ iae i^ D abx^a^ 

2%/ 2 

D aW $ b = 0, (4.73) 

jabcQbrariQC-pq _ (4.74) 

and the solutions are foliated in the equal-time coordinate or static 

$ Q = r -l((coth(()-l), (4.75) 



A a0 = aie ie ^((coth(() - 1), (4.76) 



, r 



A ax _ fetKfxy _ {cschfe)), (4.77) 
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where ( = vgr, and r is the three dimensional radius^ Therefore, since the field strength 
satisfies 

-i{ae ie - be iK )V ab <P b = -^-={E a - iB a ) = —=(F a+1 + iF a+2 ), (4.78) 
2 v2 v2 

- i(ae' e - be iK )D 3ab $ b = -E a3 + iB a3 = F a+ ~ + F a , (4.79) 

where E a = E al + E a2 , B a = B al + iB a2 , the solution to (|4Td5)) . is 623), (EZSJ), 023), 

with 

a = 6=-U 6»=-k=-^. (4.80) 

The 't Hooft Polyakov solution does not satisfy the equation (|4.68|) , but the equations of motion 
change once the fields are assumed static, and this changes the saturation equations to (|4.65[) . 

@m, dMzi). 

The equations (14.61[) . (|4.62l) have been chosen to be in light-cone gauge, and the 't Hooft 
Polyakov solutions do not satisfy them, because the 't Hooft Polyakov solutions are foliated in 
equal-time. To find the light-cone gauge solutions the static 't Hooft monopole can be boosted 
to the spatial light-cone coordinates x,x,x~ that are foliated in x + , or the light-front. This 
is a singular boost, and the method for boosting the 't Hooft Polyakov monopole is unknown, 
because of the hyperbolic functions non-trivial limits. A simpler way to find a solution foliated 
in light-cone is to use the boundary behavior for the vector field in the 't Hooft equations, or 
the Wu-Yang Monopole 

Ai=Al = Al = Al = 0, (4.81) 



A? = -L(l-cos(#)) e ^-, (4.82) 



Af =hl + co S (e))e ijXj , (4.83) 

where p is the transverse radius p 2 — x\ + x\ . Boosting the Wu-Yang monopole along the third 
axis and taking the limit of the rapidity to \ yields the ultra relativistic monopole [24] 

At = e ij ^6{x-). (4.84) 
P 

The scalars are invariant under the boost; thus, the scalar solution must be derived from the 
ultra-relativistic vector field. If $ a has one component 

$ : = 0,$ 2 = 0,$ 3 = (4.85) 



11 Mass factorizations in equal-time theories can be reviewed in I10| . 

12 Equation 14.841 is related to (4), (5) in 1241 by the redefinition of the step function found in appendix 1X1 
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this reduces the equations (|4.6ip . (I4.62[) to 



d+A = (4.86) 



dA = ~-d+<f>, (4.87) 
8 

where A = A\ + iA 2 . Since bare distribution functions without integrals are not well defined, 
the solutions are integrated over a distance L; therefore, the solutions to (|4.86[) . (|4.87[) are 

A=-i~ * dy-{0(y--x-)}, (4.88) 

4p 2 J_L 

$ = -i ln(p) y ' dy-{5(y- - aT)}. (4.89) 

Substituting the previous solutions into the charge (|4.60l) yields zero 

J (fx{d v F +u } =L J dS{Im(^)} = 0, (4.90) 

where the surface is the transverse S 1 . This is a trait shared by all ultra-relativistic monopoles 
because of their pure gauge nature everywhere outside of the x~ interval (— ■§)• 

The Wu-Yang monopole singularities are not present in the 't Hooft Polyakov monopole in 
an equal-time theory. It is unknown how to formulate a 't Hooft Polyakov equivalent solution in 
the light-cone theory, but hopefully it will solve some of the problems with the singularities at 
the origin in the solutions (|4.88|) . f|4.89j> . like the equal-time theory. The solutions (|4.88|) . (|4.89J) 
are the only known solutions to the light-cone BPS theory. These solitons come from the static 
monopole boundary conditions that arc boosted to the infinite momentum frame discussed for 
arbitrary gauge group in section 14.21 In the light-front frame these ultra-relativistic particles 
have mass equal to the electric charge that is zero for the solutions (|4.88[> . (|4.89|) . 

The analysis in this section so far has been based on solutions with the fermions set to 
zero. The superfield formulation yields equations that generalize the BPS equations to include 
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fcrmions. These are the supersymmetric version of the BPS equations (SBPS) 

e mn D ab ^ X b n = 0, (4.91) 

d + A a = ^D ab C b mn + -L ig f^x b m ^X c n , (4-92) 

d + X a m = i\{^ mnpq e np D ab X bq - 9! ahc t np {C b np r m + C b mn % + d + C cmn ^)), (4.93) 

= ±(D ab d+A b ) + lgf^(^(C b mn d+C cmn ) + ±i(±xld+ X cm - 3x b m X cm )), (4-94) 



1 .„,„,„^ ti. 1 _„ 1 



X 



— g r bc [d + A b —x c n -— x bp C c np ]. (4.95) 



These generalized BPS equations describe a non-linear field theory of particles with mass equal 
to the electric charge which is foliated in the light-cone frame, and are the supersymmetric 
generalization of the ultra- relativistic solution (|4.88|) . (|4.89j) . In superspace the solutions to the 
previous equations make up a supersoliton (f> a that satisfies (|4.40l) . In this article, there will not 
be an attempt to find the solutions to the SBPS equations. These equations are presented to 
note that the bosonic theory is a subset of the arbitrary theory given by the previous equations, 
because equations (|4.61|) . (|4.62|) can be obtained by setting the fermions to zero in the SBPS 
equations. 

5 Conclusion 

In this article the BPS theory for the N = 4 light-cone superspace was derived, and a superficld 
equivalent of the Bogomol'nyi equations is the main result. The difference between the light-cone 
superspace BPS theory and the normal BPS calculations is the light-cone includes fermions, and 
is the first superspace formulation of the BPS bound. The simplicity of the light-cone chiral 
superfield with the inside-out constrant allows for the field theories bound to be formulated with 
the same expression as the algebra, the only difference being the algebraic operators are switched 
with infinitesimal transformations. Since, the quadratic form is the fundamental feature that 
defines BPS theories in light-cone superspace it would seem that all other superspace theories 
should have a quadratic form; although, it is unknown how to formulate the quadratic form in 
non-maximal supersymmetric theories or equal-time superspace. 

These light-cone BPS theories are interpreted as the static equal-time monopole boosted 
to the ultra-relativistic solution; although, it would be interesting to find solutions that have 
non-zero mass and fermions. Furthermore, it would be interesting to construct an equal-time 



23 



generalization of the BPS equations that includes fermions. These formulas should match the 
conclusions of this article, and could be constructed from the SBPS equations presented. The 
most interesting use of this article would be to construct a supermanifold moduli space for the 
superspace BPS equation presented. This space would be the supersymmetric generalization of 
the hyperkahler Atiyah and Hitchin manifold. 

The calculations presented can be extended to many different theories. The recently formu- 
lated BLG theory in light-cone superspace is not a good candidate, since it has no known central 
charges. A simple reduction of the N = 4 superfield to its M = 2 version would also be an inter- 
esting calculation. It is unknown whether theories without maximal supersymmetry like N = 2 
have a quadratic form. It would be surprising if it did not have this feature, since the theory 
should have a BPS formulation similar to the Af = 4. Lastly, maximal supergravity theories 
superspace BPS formalism can be found using the quadratic form, although the usefulness of 
these equations is unknown at the current time. 
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A Conventions 

In four dimensions denoted by index /j, = 0, 1, 2, 3 the longitudinal and time coordinates can 
be arranged into the two light-cone lines 

x ± = ^=(x ±x 3 ), d ± = ^=(d ±d 3 ). (A.l) 

The light-cone metric is off diagonal in the plus minus coordinates g + ~ = g h = —1. The rest 
of the coordinates are Euclidian and are denoted by i — 1, 2, g lJ ' — <5 y . 

The light-cone gauge condition makes the temporal component of the vector field zero: A + = 
0. The minus coordinate A~ is eliminated using the equations of motion. To solve for the 
minus component of the vector field we must integrate over the derivative d + , and introduce 
non-localities. The greens function for the minus coordinate x~ can be used to solve for this 
dependent field 

d+G(x-,y-) = S(x- -y~). (A.2) 
The previous equation is just the equation for a step function: G{x~ ,y~) = \0{x~ — y~), where 
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- y ) = 1 for x > y- 



0[x — y ) = for x = y 



6(x - y ) = -1 for x < y ; 
thus, when integrating over d + it is denoted by t^t, and has the meaning 



(A.3) 



(A.4) 



There is a more sophisticated prescription found in [25] , but for the purposes of this article this 
will suffice. 

In this article four, six, and ten dimensions will be used. Starting with the Pauli matrices 



1 

1 



the light-cone matrices are 



-i 

1 



V2 



1 

—I 



(A.5) 



(A.6) 



(A.7) 



(A.8 



These matrices have the properties: (c*) 2 = \J2a ± , a ± a T — 0, aa — y/2a + , ctct = v2cr~ '. 

The four dimensional Clifford algebra satisfies {7^,7"} = —2g^, and has the equal-time 
representation 



h 
h 







a 




(A.9) 



75 = «7o7i7273 = 



-h 





h 



C A = 



( 10 \ 

-10 

-I 

\ 01 j 



(A.I0) 



where a; = 1, 2, 3. The matrices 75 are used for the four dimensional Weyl constraint ip — ±75^, 
and C4 is used for the Majorana constraint — ip T C4,, for any four dimensional spinor ip, where 
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ip = tp T j°. The minus sign in the Weyl condition is the anti-Weyl spinor constraint. The 
matrices (IA.9I) can be used to construct a Clifford algebra for the light-cone metric 



7 ± = ( "„ ) > 7* = ( " , " n ) , (A.11) 
















o ) 






J 



7^4(7 1 +^7 2 )=f ° " )■ (A.12) 



V2 W ; V 

From four dimensions the higher dimensional gamma matrices can be defined. One can 
construct the ten dimensional matrices denoted by T M , where M = 0, 1, 2, 9, by starting with 
the first four dimensions 

r ± = i 7 ± ®/ 8 , r = £7<g)i 8 . (A.i3) 

The other six dimensions are denoted by / — 4,5,6,7,8,9. These six extra ten dimensional 
gamma matrices can be found from a six dimensional Clifford algebra constructed with the 't 
Hooft symbols 

Vymn — €ymn4 ~t~ 3y m 5 n 4 Sy n 5 m 4, (A. 14) 

i)ymn — €ymn4 ^ym^n4 ^yn^mit (A. 15) 

where m,n — 1, 2, 3, 4 and the e mnpq symbol is a Levi-Civita tenser defined by the permutation 
group of four objects; furthermore, the objects 

Sy+3, (A- 16) 

^ = Vymn^y iflymn$y-\-3i (A«17) 



yield the matrices 



X/ m " 



(A.18) 



that satisfy the Clifford algebra {r 7 ,r J } = —2g IJ , where g IJ is the six dimensional metric. A 
complete list of the properties of the t'Hooft matrices can be found in [BJ. Now the final ten 
dimensional gamma matrices are 

r z = i7 S (g)F. (A.19) 
Finally, the ten dimensional matrices satisfy the Clifford algebra 

{T M 1 T N } = 2g MN 1 (A.20) 
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where 

g MN ig 

the ten dimensional metric, and the Weyl, Majorana constraints are defined with 

the matrices 



h 



r n = iT ...r 9 = 75 x ( Q 4 _ h ) , (A.21) 



C = iC\ ( J J j. ( \:n) 



respectively. 
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